Abstract. Let A and B be two families of two-way infinite x-monotone curves, no three of which pass through the same point. Assume that every curve in A lies above every curve in B and that there are m pairs of curves, one from A and the other from B, that are tangent to each other. Then the number of proper crossings among the members of A ∪ B is at least (1/2 − o(1))m ln m. This bound is almost tight.
Introduction
Studying the incidence structure of a family of curves in the plane is a classical theme in combinatorial geometry with many applications in computational geometry. Venn diagrams were introduced in the 19th century to analyze logical relationships between various statements [9, 7] . The incidence structure of non-overlapping circular disks was investigated by Koebe [2] , while Erdős [4] raised several questions about tangencies between possibly overlapping congruent disks, including his famous problem on unit distances: How many pairs of points can be at distance one from each other in a set of n points in the plane? In other words, how many tangencies can occur among n unit diameter disks in the plane? These are hard questions, see [5] for a survey.
An equally tantalizing innocent-looking question was asked by Richter and Thomassen [6] . We say that two closed curves γ 1 and γ 2 in the plane properly cross if they share at least one point p (called a crossing point) such that γ 1 passes from one side to the other side of γ 2 in a small neighborhood of p. We say that two closed curves γ 1 and γ 2 in the plane touch or are tangent to each other, if they share exactly one point. This point is called the point of tangency of the two curves. We say that two closed curves are intersecting if they have at least one point in common. A family F of closed curves is intersecting if every pair of them is intersecting. The family F is in general position if any two of its members share only a finite number of points and no three members pass through the same point. According to the Richter-Thomassen conjecture, any intersecting family of n closed curves in general position in the plane determines a total of at least (1 − o(1))n 2 crossing points. This, of course, holds automatically if no two curves of the family touch each other, because then the number of crossing points is at least 2 n 2 . Therefore, in order to settle the problem, we have to analyze families of curves with many tangencies.
In this note, we take the first step in this direction by studying the system of tangencies between two intersecting families A and B of curves in general position, with the property that no curve in A properly crosses any curve in B (see Fig. 1 ). In this case, we are going to prove that, if m denotes the number of pairs of touching curves (α, β) with α ∈ A and β ∈ B, the total number of crossing points in F = A ∪ B divided by m tends to infinity, as m → ∞. Consequently, if |F | = n and m > εn 2 for some ε > 0, then the total number of crossing points in F is superquadratic in n. For aesthetical reasons, we formulate our results for two-way infinite xmonotone curves, that is, for graphs γ f of continuous functions f : R → R. For simplicity, in the sequel, we use the term curve in this sense. We say that a curve γ f lies above a curve
For any family F of curves in general position, let CN(F ) denote the number of crossing points.
Our main result is the following. We say that A and B completely touch if every member of A touches every member of B.
Theorem 2. For every n > 2, there exist two completely touching n-member families A and B of two-way infinite x-monotone curves such that A ∪ B is in general position, every curve in A lies above every curve in B, and
Comparing Theorems 1 and 2, we obtain that if c(n) denotes the minimum number of crossing points in the union A ∪ B of two completely touching nmember families of curves, A and B, such that all the members of A are above all the members of B, then we have:
This shows that Theorem 1 is tight up to a multiplicative factor of roughly In Sections 2 and 3 of this note, we establish Theorems 1 and 2, respectively. In the final section, we make some concluding remarks. In particular, we formulate a combinatorial result of independent interest on alternations in certain sequences over finite alphabets (Theorem 3), which can also be used to prove Theorem 1.
Levels -Proof of Theorem 1
The lower k-level of a family F of curves is the closure of the set of all points that lie on exactly one member of F and strictly above exactly k − 1 members (see Fig. 2 ). Let ℓ k (F ) denote the number of all proper crossings among members of F that lie on the lower k-level of F . Analogously, the upper k-level of a family F of curves is the closure of the set of all points that lie on exactly one member of F and strictly below exactly k − 1 members. Let u k (F ) denote the number of all proper crossings among members of F that lie on the upper k-level of F . Note that each proper crossing among two members of a family F of curves in general position lies on two consecutive levels, so that we have
Theorem 1 can be easily deduced from the following lemma. Lemma 1. Let k > 1 and A and B be two families of two-way infinite xmonotone curves, each of cardinality at least k, such that A ∪ B is in general position. Assume that every curve in A lies above every curve in B and that there are m pairs of curves, one from A and the other from B, that touch. Then, we have
and
Proof: We may assume without loss of generality that all crossing points between members of A ∪ B have distinct x-coordinates and that all of these values belong to the open interval 0 < x < 1.
Note that, as x varies between the x-coordinates of two consecutive points at which a member of A touches a member of B, the lowest curve of A or the highest curve of B must change. This yields the inequality
Fix k > 1. For any 0 ≤ ξ ≤ 1 which is not the x-coordinate of an intersection point, let A k (ξ) denote the kth lowest curve in A at the vertical line x = ξ and let B k (ξ) denote the kth highest curve in B at the vertical line x = ξ. Analogously, A ≤k (ξ) denotes the family consisting of the k lowest curves in A at the vertical line x = ξ and B ≤k (ξ) denotes the family consisting of the k highest curves in B at the vertical line x = ξ.
For ξ = 0 or ξ = 1, the number of pairs (a,
Let I stand for the number of internally touching pairs (a, b). Clearly, we have I ≥ m − 2k 2 . For any internally touching pair (a, b), let (see Fig. 2) 1. x inf (a, b) be the infimum of all x-values for which A k (x) = a and b ∈ B ≤k (x), or a ∈ A ≤k (x) and B k (x) = b, and let 2. x sup (a, b) be the supremum of all x-values for which A k (x) = a and b ∈ B ≤k (x), or a ∈ A ≤k (x) and B k (x) = b.
Obviously, we have x inf (a, b) < x sup (a, b) as the x-coordinate of the touching point between a and b lies strictly between these two numbers. It is also clear that the numbers x inf (a, b) and x sup (a, b) are x-coordinates of crossing points lying on the kth lowest level of A or on the kth highest level of B. For any 0 < ξ < 1, there are at most k internally touching pairs (a, b) with x inf (a, b) = ξ. Indeed, for any a ∈ A such that a = A k (ξ + ε), say, for all sufficiently small ε > 0, all curves b ∈ B with x inf (a, b) = ξ must belong to the set B ≤k (ξ). This is a set of size k. Thus, the number of distinct x-coordinates ξ at which either A k (ξ) or B k (ξ) changes is at least 2I/k. That is, we have
A similar argument was used in [1] . Now we are in a position to establish Theorem 1.
Proof of Theorem 1: Assume without loss of generality that |A| ≥ |B| and that every curve in A ∪ B participates in at least one touching pair. This implies that any two members of A properly cross at least once and any two members of B properly cross at least once. Hence, we have
This completes the proof in the special case where m ≤ |A| 2 / ln |A|, because then the term |A| 2 already exceeds the desired lower bound. In particular, since the total number m of touching pairs is at most |A||B|, we are done if |B| ≤ |A|/ ln |A|.
From now on, we can assume that m > |A| 2 / ln |A| and |A|/ ln |A| ≤ |B| ≤ |A|.
Let ε > 0 be a very small constant. Set K = m Letting ǫ → 0, we can conclude that CN(A)+ CN(B) is at least ( 
Constructive upper bound -Proof of Theorem 2
Let c(n) denote the minimum number of crossing points in the union of any two completely touching n-member families of curves A ∪ B, where all members of A are above all members of B.
We need the following:
Lemma 2. For any pair of positive integers i and j, we have c(ij) ≤ i 2 c(j) + j 2 c(i).
Proof: Let (A ′ , B ′ ) be a pair of completely touching i-member families of curves with CN(A ′ ) + CN(B ′ ) = c(i).
